
D I V E R G E N T  F O R M  O F  

E Q U A T I O N S  

V.  I .  K o n d a u r o v  

THE NONLINEAR THE RMOE LAS TIC ITY 

UDC 539.3 

The complete sys t em of nonlinear thermoelas t ic i ty  equations is considered in this paper  in the fo rm of 
a sys tem of energy,  momentum, and s t ra in  compatibili ty conservation laws in a rb i t r a ry  curvi l inear  moving 
coordinates.  Utilization of the equations in such a form has a number  of advantages, re lated both to the investiga- 
tion of the most  important  proper t ies  of a medium, and to the construct ion of conservat ive numerical  methods. 

Charac ter i s t ic  proper t ies  are studied in an adiabatic approximation, symmetr iza t ion  is per formed,  suffi-  
cient conditions are formulated for  the equations of the dynamics of an a rb i t r a ry  thermoelas t ic  body to be hy-  
perbolic.  

A closed sys tem of relationships on s trong discontinuities is examined. Conditions for  the solvability of 
the problem determining the quantities behind the shock front are clarif ied for a known state before the front 
and a given wave velocity.  

1.  K i n e m a t i c s  

Let us consider  finite deformations of a nonlinear thermoelas t ic  anisotropic medium. Let X X ~  be 
the rad ius -vec to r  of a mater ia l  part icle  of the body in the initial, reference  configuration, x ~- xia~ in the run-  
ning, actual configuration, ~ the or thonormal  basis  of an Eulerian spatial coordinate sys tem,  t the t ime, v i = 

~  

( ax i /0 t )  IX m, the part icle  velocity, and FI.j = 0x i /DxJ ,  the gradient of the s t ra in  (distortion). Assuming mu-  

tual one- to-oneness  of the mapping 

x ~,= x~(X 'n, t), i, m t ,  2, 3, 

we obtain a relat ion between the gradient  of the deformation and the velocity of the part icle 

~'F -~ = Vv, - -~ I~,- + o 7  - o~ --~ F~, (1.1) 

which is well known in the mechanics of a continuous medium [1, 2]. 

Equation (1.1) can be represented  as a differential conservat ion law. In the variables (x i, t) the divergent 
form (1.1) is wri t ten in the form 

I + o, ,ot . 

The equivalence of (1.1) and (1.2) can be shown if the formulas  

(1.2) 

o'-'~ z m  -~-~x h, am---- ~ = a az "---~' ~ \ ~  J] ~- 0 (1.3) 

i j  m are used. To prove the f i r s t  two formulas  of (1.3), we note that A = ei jmFIF2F 3 , where eij m is the unit anti- 
symmet r i c  tensor ,  and 0 A / 0 F ~  = AF~ lb. The validity of the third relationship in (1.3) folIows f rom the fact  
that 
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Now if we use the mass conservat ion law pA = Po, where P0, P is the density of the medium in the reference  
and actual configurations, then (1.2) can be wri t ten for  the case p 0 = const in the form 

o ( ~ ) / o t  + ~ I~F~ _ ~'~1 = O. (~.4) 

A direct  consequence of the relat ions pA = P0 and A = A o v k / 0 x  k is the continuity equation 

ap/at + a(pv~)tax~ : 0; (1.5) 

however,  we shall not la ter  use it as an independent equation. All the information contained in (1.5) in the do- 
mains of smooth solutions and in the integral  equalities for  domains with discontinuous solutions is a l ready 
included in the differential equation (1.4) and the finite algebraic relat ion p = p  (F) = p o / d e ~  F .  

It should also be noted that (1.4) is invariant  relative to replacement  of the reference sys tem (with r e -  
spect  to imposition of the motion as a rigid whole): 

2.  T h e r m o d y n a m i c s  a n d  G o v e r n i n g  E q u a t i o n s  

Let U be the density of the internal energy;  E = U + v iv i /2 ,  density of the total energy; q = q ~  , heat 
flux vector  through unit a rea  per  unit t ime; r ,  specific heat l iberation; b = b~a~ , mass  to rce  vector;  and 
a = o%Oj , Cauchy s t r e s s  tensor.  Considering only the thermal and mechanical  interaction,  the total energy 
conservation law (first principle of thermodynamics)  and the momentum and moment of momentum conse rva-  
tion laws for  a nonpolar medium in an inertial  coordinate sys t em can be written in smooth solution domains in 
the fo rm [1] 

P dye~dr = Oo~h/Ox~ + P b~, ~ = o~; (2.1) 

p d U / d t  = o]Ov~/Ox ~ + Oqa/Ox ~ + or. (2.2) 

Let us moreove r  use the second principle of thermodynamics  whose differential fo rm is written for  
smooth functions in the fo rm [2] 

p.~y_ox_._ i q~ _ g t  p r ~ 0 ,  (2.3) 

where | > 0 is the t empera ture ;  ~ is the specific entropy. Introducing the free energy A = U - | and using 
the express ion for  d U / d t  f rom (2.2) then (2.3) can be t r ans fo rmed  to the fo rm 

'0 ~ uxo 0 4- uxe '~) -~ ~p hd ~P d ~ b u  _ ~  _ ~  _ 

F o r  a nonlinear elast ic  medium, postulating that 

A = ~ (FV,  o, ~),  ~ j  = ~ , j ( g ~ ,  O, ~),  
,~ = ,1 (F.", o ,  ~ , . ) ,  q~ = q' (F: ' ,  e ,  ~ . . ) ,  

where y m = 
we obtain [2] 

(2.4) 

(2.5) 

O| and A, aij ,  7, qi a re  sufficiently smooth functions of the i r  arguments ,  and using (2.4) 

OAIO?r~ = O, ~1 = - -  OA/O0, o~ h ~ ,n ~ (2.6) = pFraOA/OFm, q Yv4 i1" O. 

Let us note that the symmet ry  condition aij  = a j i  imposes the following constraint  on the fo rm of the admis-  
sible f r ee -ene rgy  functions: 

(O.4/OF~) (F~g ~ -- F?g ~') = 0, (2.7) 

where gmi is the met r ic  t ensor  of the coordinate sys tem x i. Fo r  isotropic bodies the relationships (2.7) are 
satisfied automatically,  tn the case of a rb i t r a ry  anisotropy, (2.7) is three equations which should be satisfied 
by any nonlinearly elast ic membrane  medium. 

Equation (2.2) for the internal energy c a n b e  writ ten with (2.6) taken into account, in the form 

dO 0 oo~ Ov t a q h .  (2.8) 
Oc F " ~  = 0-"6- Ox"~# -f" ~x ~ -w 9r, 

where cp = O0~l/O0 = - - 0 0 2 A / 0 0 2  = OU/O0 is the specific heat of the medium under constant deformation. 
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3 �9 C o m p l e t e  S y s t e m  o f  E q u a t i o n s  

The re fo re ,  the complete  s y s t e m  of equations of nonl inear  the rmoe las t i c i ty  is wr i t t en i  n the f o r m  of non- 
divergent  differens equations (1.1), (2.1), and (2.8) in the va r i ab l e s  (x i, t) 

P-~'~ = OF~ Ox u -- O00z~ + pb~' 

dO ~ Oo~ Ovl . Oq ~t dF~ ~ Ovi 
pcr ~-=-t~ ~-ff o~-t-~zz~ q-Pr , -~-  = F~ o- ~ 

(3.~) 

and the  finite re la t ionships  

A = A ( F ~ ,  0 ) ,  cv := - -  O02A/O0 "~, ~i ~ = pF~OA/OF~, 

q~ = q~ (F~ ,  O, 0 0 / 0 x ~ ) ,  9 = P0/det][ F~ ]], q~OO/Ox ~ ~ O. 

Equations (3.1) can b e  fo rmula ted  in the f o r m  of a s y s t e m  of di f ferent ia l  energy and momentum conservat ion 
laws [1, 2] and a s t r a in  compat ibi l i ty  conserva t ion  law e x p r e s s e d  by the re la t ionship  (1.4): 

0t 0z ~ ---- p (r + b ivi), 

o (Pvi)ot + o (pv~ ~0z ~- ~ )  = pb ~, ~ + ~z~ = 0. 

(3.2) 

The s y s t e m  of equations (3.2) p o s s e s s e s  a number  of advantages o v e r  the t radi t ional  formulat ion of the equa-  
tions of nonl inear  e las t ic i ty  theory  [1, 2]. W r i t i n g t h e  whole s y s t e m  in d ivergent  f o r m  p e r m i t s  de te rmina t ion  
of not only the c l a s s i ca l  solution in domains of sufficient  smoothness ,  but also the genera l ized ,  weak  solution 
[3] in domains including discontinuit ies .  All the re la t ionships  on discont inui t ies  known in nonl inear  e las t ic i ty  
theory  follow f rom (3.2) by a s tandard  method [3]. Final ly,  the s y s t e m  (3.2) is convenient  fo r  the construct ion 
of conserva t ive  difference methods of numer ica l  solution of dynamic and s tat ic  p rob l ems ,  methods in which 
the in tegral  conservat ion  laws are  sa t i s f ied  exact ly ,  and there  is a theore t ica l  foundation of the nthrough n com-  
putation [4]. 

However ,  uti l ization of the Euler  va r i ab les  (x i, t) is often fraught  with definite diff icult ies,  especia l ly  in 
numer i ca l  invest igat ions.  The new approach,  developed in r ecen t  y e a r s  in a number  of pape r s  [5, 6], is  the 
method of moving coordina tes .  The method cons is t s  of introducing moving coordinate g r ids ,  which di f fer  f rom 
Lagrangian in the genera l  ease ,  whose lines coincide w i th the  ex t r ac t ed  s ingular i t ies  of the p rob lem (bound- 
a r i e s ,  contact discont inui t ies ,  shocks ,  etc.) and sa t i s fy  a number  of additional r equ i r emen t s .  

Let  

vl ~ = ~li(X ~, t), det[]&ll/Oxra n =/= 0 (3.3) 

be a mutual ly one- to -one ,  twice continuously different iable  t r ans fo rma t ion  of the space  (xk, t) into (~?i, t) 
chosen f r o m  some  cons idera t ions .  Let  us use  the notation 

_ - -  __  ~ll, w ~ ox ~ 
Oxk,  x j  ~ Ovlj , a t  ~1 m" 

Then the d ivergent  equation in the va r i ab l e s  (x i ,  t) 

~AJI52"'JR [ OBk'J!J~":JR 
q,,...,N ~'~...~R R~>0, N~>0, ira, ],~ = i, 2, 3, (3.4) {li2 " ' '~N .~_ OX h J 71r Ot xn 

re la t ing the  N-covar ian t  and R-eon t r ava r i an t  t en so r  A with the N-cova r i an t  and R + 1 -con t rava r i an t  tensor  B 
is equivalent to the  d ivergent  equation i n t h e  va r i ab l e s  (~m, t) 

1 "~'" Ul I _~ ~ 1 2"" N I = X f l b , . . j , ,  (3.5) 
Ot .fin 0~] m ~.112.. ,i N 

where 

~.~J.I~2.:.JR m(~hJ2...~a __ whAJz~2. JR~ (3.6) 
; i~2. . . :N = ~]h [ l J ~ l i 2 . . A  N i122. . . iN)"  
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The va l id i ty  of the a s s e r t i o n  fol lows f r o m  the chain of manipula t ions  

0 ~  ~ ~ OzP OA [ Oz~ B ~.__5." OBn " A Owh + B ~ - -  
+ ~ x~ + o~= = ~ l.~ + ~n ~ + o~  o~ '~ 

and the r e l a t ions  

which are derived analogously to (i .3). 

Now, the system of nonlinear thermoelasticity conservation laws is written with (3.4)-(3.6) taken into ac- 
count, in the curvilinear coordinates (~i, t) in the form 

,~ (p~s a [~[pE(~= ~,.)_11,~(#lui_~l,~qh]]="~p(r +b,vi) ' 

a(pX~9 

[ F I ( ; . ' '  ; - )  - -  " '  -v=n~,F~] } = O, at 

(3.7) 

m k ~ kmw k. where  v m = W k V  ; w m = 

Le t  us  note tha t  because  of  using the t e n s o r  and v e c t o r  componen t s  r e f e r r e d  to  the coo rd ina t e s  x i in 
(3.7), a l though the equat ions  a re  t h e m s e l v e s  wr i t t en  in (vm,  t) the appea rance  of addit ional  " s o u r c e s "  not  due 
to  the  phys ica l  content  in the r igh t  s ide is  avoided.  

H e r e  (3.7) t akes  on a quite s imple  f o r m  in the c a s e  of  L a g r a n g e  coord ina t e s  X m when wm - vm,  ~p  = P0, 
~?~ = F[cim: 

@E a [J[ F - Im,,o.h|u ] #, a:~ ,[~ ~ ~ ,+q~) =r+b%, 
(3.8) 

av t a i F ~ I = o a ~  _ bi  ' _ _  _ 
a t  # X  m -p - -  at  OX m 

4 .  C h a r a c t e r i s t i c s  

Now, let us  c o n s i d e r  the c h a r a c t e r i s t i c  p r o p e r t i e s  of the s y s t e m  (3.1) in an adiabat ic  app rox ima t ion  
(qi =_ 0). In this  c a s e  (3.1) is a quas i l i nea r  s y s t e m  

d=--?+AlP(uT)~ = I = ' ~ ' p ' u  2, . .  , t3, k = t , 2 , 3 ,  

where  u= = [0,vt ,  F|];  1= : {r/c~, b ~, 0}. Let  ~o(t, x i )  = 0 be the equat ion of the  c h a r a c t e r i s t i c  su r f ace ,  D = 

aq, l - ,  oq, a, V ,  ~-[  [o-~0-~J ' ni  - a= i / [ 0 - ~ l  , the p ropaga t ion  ve loc i ty  and the n o r m a l  to this  s u r f a c e .  Then the 

equat ion of the c h a r a c t e r i s t i c s  has  the f o r m  [3] 

det II - cI + Aknh II = o, (4.1)  

where  c = D - vkn k is  the ve loc i ty  of the s u r f a c e  r e l a t ive  to  the p a r t i c l e s  of the medium,  and I is the unit  ma t r i x .  
Le t  p~  denote the r igh t  e i ge nve c t o r  of the  m a t r i x  Aknk, which it is convenient  to  r e p r e s e n t  fo r  the subsequent  
computa t ions  as a se t  of componen t s  p a  = {~, fli, 7}} c o r r e s p o n d i n g  to  jumps  in the n o r m a l  de r i va t i ve s  of the 
t e m p e r a t u r e ,  the ve loc i ty ,  and the g rad i en t  of the de fo rma t ion .  The equat ion ( - c I  =Aknk)P = 0 is then wr i t t en  
in the f o r m  

pcrca. -]- O -~- nh~ i = 0, (4.2) 

8~ tk ao ik t p ~  + ~--~ n ~ T  + - ~  nh= = O, cvj + F~nk~ t = O. 
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In case c ~ 0, then by express ing  the quanti t ies (~ and T] in t e r m s  of hi f r o m  the f i r s t  and th i rd  equations 
of (4.2), and substi tut ing into the second re la t ionship,  we arriOe at a s y s t e m  of three  equations with a s y m m e t r i c  
coefficient  ma t r i x  

{ r  _ a'~A ' 0",10FO~li) (Fbnb) 

A condition for  the exis tence  of r ea l  nonzero  values  of the propaga t ion  veloci t ies  of the cha rac t e r i s t i c  su r faces  
is pos i t ive -def in i t eness  of the s y m m e t r i c  quadrat ic  fo rm 

O'A con on)  " 

O rnOFn cF OF~m OFa n ] 

for arbitrary k i # 0. If the internal energy function U = U(F m, U) is used, then this condition can be written 

in the form 

F a n ~ O~ (Fbnnb) ~i~) > O. (4.4) 

It is also seen from the system (4.2) that c = 0 is a multiple root of the characteristic equation (4.1), 

where fli = 0 in this ease, and the relation 

M ~h '~ M~ ~ m i n, (4.5) n 7k "-~ m i ~  : O, = ns OF*~' ~ O0 

is imposed  on y m  and ~. It is  not poss ib le  to make  any a s s e r t i o n  about the exis tence of a solution of the homo-  
geneous equation (4.5) without knowledge of the coefficient  ma t r ix .  

Let us fo rmula te  sufficient  conditions fo r  which the s y s t e m  of equations (3.1) will be known to be h y p e r -  
bolic.  To do this,  we reduce the s y s t e m  to s y m m e t r i c  f o r m  by using the nondegenerate  r ep l acemen t  of the 
vec to r  of the solution. Symmet r i za t ion  and the sufficient  conditions for  hyperbol ieiW of the nonl inear  g a s -  
dynamics  and the l inear  e las t ic i ty  theory equations with sma l l  deformat ions  were  examined in [7]. Ut i l iza-  
t ion of  the divergent  equation (1.4) for  the s t r a i n  gradient  F~ pe rmi t t ed  extension of the solution of this p rob -  
l em to the case  of an a r b i t r a r y  nonl inear ly  e las t ic  body with finite s t r a in s  also.  

Analogously to [7], we use the additional en t ropy conserva t ion  law fo r  this: 

o~l I i 
-~ Ix'2 = ~" r, (4.6) 

which is val id in an adiabatic approximat ion in the region of smooth solutions.  We now obtain (4.6) as a r e su l t  
of the d ivergent  equations (3.8) wri t ten in the Lagrange  coordinates  X m.  To do this ,  we multiply the equation 
of (3.8) by the f ac to r  q0, the second by qi, the th i rd  by q~, where q0, qi '  qi a re  as yet  unkn..owa functions of 
| v 1," and Fj.i Adding the equations and equating to (4.6), we obtain a s y s t e m  for  q0, qi, qi: 

~TI OE , Oui , �9 OF] 
o-7 = qo -dY d- qi "YE + q{ -~Y' qo (r + bivi) -t- qib i = ~ r, (4.7) 

from which 

t vl  ' ~ ~ - a i  k 
q0 = g ,  q~ = - -  ~-, q{ = - -  K~ -h ~ .  (4.8) 

We he re  a s sume  that the f r ee . ene rgy  h = A(F~ n, | is such that  the quanti t ies { q0, q i '  q~ } a re  mutually so lv -  
1 able one- to-one  for  { $ ,  v i, Fj }. As will be seen  f r o m  the sequel,  the sufficient  conditions for  hyperbol ic i ty  

a s s u r e s  the val idi ty of this  assumpt ion .  

Relat ionships (4.7) will b e  known to  be sa t i s f ied  ff the s t ronge r  re la t ions  

d~l = qodE + qidv ~ + ~ ~, 
(4.9) 

q~ d (1~ F-lmh ~"it ' , j \-}-qid[#F~'~'~i)+q~d(5"~vi) '-- ' - - ,  e , = 0 
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are  sa t is f ied ,  which actually hold with (4.8) and (2.6) taken into account.  

Rewrit ing (4.9) in the f o r m  

d(qoE + qivi + q{F~ ~l) Edqo + i i ~ - -  == v dqi + Fflq~, 

�9 t ~ - - l m  hi @ qig  j ~2 ) = I ~ - - l m  hi . "  �9 I F - l m f f h i d ~  m i i d qoF[~at~'vl + --( qlr~, o ~ ,,, i -~ ~'a a viaq o -t- - (  h ~li + 6~ v dqi 

and u s i n g  the  notation 

" i i 1 / 1 f i b  t i ) L~ ~l - -  qo E - -  q~ v~ - -  qiF~ = ~" ~-~ ~ -~ ~ vlv ~ A , 

�9 t Y - ~ n o ~ i  - " L "  t qoF[tma~%~ + ~ qi a + ~6Tvi  i 

(4.10) 

we find 

OL ~ u{ OL ~ t OL ~ 
E = - - ~ ,  = oq,' F J =  od, (4.tl) 

t ~ - - l m  h i  OLm t F-lmffhi OLm ~)~yl OLm 

Therefore ,  taking (4.11) into account,  the s y s t e m  of different ia l  equations of nonl inear  e las t ic i ty  theory  
can be wri t ten  in the f o r m  of a s y m m e t r i c  f i r s t  o r d e r  s y s t e m  for  four  genera t ing functions L ~ L m (m = 1, 2, 3) 
defined by (4.10): 

OL~ + OL'~ L '  o% . L ~  oq~ _ [r (4.12) 
Ot 0 - ~  ~ qa, q~ " - ~ - ~  q~q~ OX m - -  

where 

L~ = OL~ Lq~q~~ = O~LO,,,~/Oq~Oqo; 

q~= [%, q~, tit; I ~ =  {-- (r + b'v:.), - - b  ~, 01. 

In o rde r  fo r  s y s t e m  (4.12) to be hyperbol ic ,  i t  is suff icient  that the ma t r i x  L L q  f l _  be pos i t ive-def in i te .  

In this  case  the re  ex is t s  a n o n d e g e n e r a t e  t r an s fo rma t ion  that s imul taneous ly  reduces  the m a t r i c e s  L~aqfi  and 
m 

Lqeqf in  m in the cha rac t e r i s t i c  equation 

L m d0q-cL  q  + n = o, 

to diagonal fo rm,  

The posi t ive  def ini teness  of L ~ q f i  is equivalent to  convexity of the function L 0 = L 0 (1/0, - -  vJO, - -  F~'Ja~/(pO)) , 

re la t ive  to all i ts  a rgument s .  Le t  us use  the p rope r ty  [7] by vir tue of which the function M is such that  

M(i/qo, q~/qo . . . . .  q,Jqo) = (i/qo)L~ q~ . . . .  , q,,) 

is convex if L ~ is convex. The sufficient condition fo r  hyperbol ie i ty  can be fo rmula ted  in the f o r m  of the con-  
dition fo r  convexity of the function M (0,  v~, F ; ~ / p )  = o~/p + v~v~/2 - -  A .  By construct ing the Legendre  t r a n s -  
f o r m  H of the function M, we a r r i v e  at the following resu l t :  

1 - 
(~, ~,~, ~ )  = v (FI, n) + ~ ,,, ~ '  

There fo re ,  the ma t r i x  L~aqfl_ will be pos i t ive-def in i te  if the quadrat ic  f o r m  

(O'U/Og~Ogt~)~.~) ~ 0 (4.13) 

is pos i t ive-def in i te ,  where  g~ = {F~, ~1}; ~ :/= 0 is an a r b i t r a r y  vec to r .  Condition (4.13) is known to be s t rong -  
e r  than the condition (4.4). 

Let us note that because  of (4.11) and the convexity of L ~ the de te rminant  is 0 (E,  v ~, F~)/O (%, qi, q!) 
which a s su re s  the one- to-one  mapping (0, v ~, F~)~-* (q0, q~, q~) for  c F ~ 0, that  was a s sumed  above. 
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5.  S t r o n g  D i s c o n t i n u i t i e s  

F o r  the  s y s t e m  of d i v e r g e n t  equat ions  (3.2) o r  (3.7) a w e a k  or  g e n e r a l i z e d  so lu t ion  [3] can  be  d e t e r m i n e d  
tha t  is  va l id  not  only in the  s m o o t h n e s s  d o m a i n s ,  but  a l so  in the  p r e s e n c e  of s u r f a c e s  of d iscont inui ty .  Le t  
go(x i, t) = 0 be  the equa t ion  of such  a s u r f a c e .  Le t  D denote  the  n o r m a l  componen t  of the mot ion  ve loc i ty ,  and 
n i the  v e c t o r  n o r m a l  to  the  s u r f a c e  unde r  c o n s i d e r a t i o n .  Then the r e l a t i o n s  on a s t r o n g  d iscont inui ty  follow 
f r o m  {3.2): 

[pGE] + [a~hvi + q~]n~ ~- O, [pGv ~] q- [(rit'ln~ = O, (5.1) 

[pGFJ] + [pv'F~] nu = O, 

w h e r e  G = D - v in  i i s  the ve loc i ty  of the d i scon t inu i ty  mot ion  r e l a t i v e  to  p a r t i c l e s  of  the m e d i u m ,  and [a ] is  the  
j u m p  in the quant i ty  a on the d i scon t inu i ty .  

i 
Combin ing  the  equat ion  f o r  the j ump  Fj w i th  n i, we obtain  f o r  n o n s t a t i o n a r y  d i scon t inu i t i e s  (D = O) 

The r e l a t i onsh ip  (5.2) e x p r e s s e s  the cont inui ty  of the n o r m a l  to the s u r f a c e  of d i scont inu i ty  in the  r e f e r e n c e  
conf igura t ion  if the  dens i ty  of the  l a t t e r  is  cons tan t .  

Taking  account  of (5.2), the cont inui ty  of the m a s s  f low fol lows f r o m  (5.1): 

[pG] = 0, (5.3) 

o r d i n a r i l y  ob ta inab le  f r o m  the cont inui ty  equa t ion  [1]. To show th i s ,  we ident i fy  a point  o n t h e  s u r f a c e  of d i s -  
cont inui ty  by us ing  the c u r v i l i n e a r  c o o r d i n a t e s  ~ (~ = 1, 2). Le t  x i = x i ( x m (  ~c~, t ) ,  t) be the  r a d i u s - v e c t o r  of 
s o m e  f ixed  point  ~ o~. Then  

D ~ oz ~ ] ~ ~ ~ oX a ---- v ~ F i n  a 
= - ~  ~== ot x'~ ~ ~ ~ + ~ * '  

w h e r e  D: = (OX~/Ot)Ie= is  the v e l o c i t y  of  the  s u r f a c e  r e l a t i ve  to  the r e f e r e n c e  conf igura t ion .  Hence  

[0~1 = [ p ( o  ~ -  ~') n~] = [ p P ~ , ]  = [ p F ~ ]  O~ = O. 

i in the f o r m  The  r e l a t i o n s h i p s  (5.2) and (5.3) p e r m i t  wr i t ing  the equat ion  f o r  the j ump  in Fj 

[F~] ' ~ h i = h p F j n h ,  = - - ~ g [ v ' ] ,  

a f t e r  which  the f i r s t  two equat ions  in (5.1) t ake  the f o r m  

(5.4) 

PG ([U] - / ~  ((hk _}_ ~)h~nh)  ~- [qhlnh = O, 

[a t~ ]nh - -  (pG)% i = 0, 
(5.5) 

ok 
w h e r e  G i ,  a is the s t r e s s  t e n s o r  ahead of and beh ind  the s h o c k  f ron t .  

Now, le t  us e x a m i n e  the fol lowin~ p r o b l e m  in an ad iaba t ic  a p p r o x i m a t i o n  (qi _~ 0). Le t  the  s t a t e  of a 
. . . .  o 

m e d m m  be  known, 1.e., the quan t i t i e s  F m ,  ~ ahead  of a s h o c k  f ron t  with a g iven  ve loc i ty  of mot ion  G. F ind  
the n e c e s s a r y  condi t ions  f o r  which the s t a t e  of the  m e d i u m  behind  the f ron t ,  g iven  by the quan t i t i e s  

F~ o i ---- F~ + h'pF~nh, T I = ~ Jr ~, x = [~l], 

is determined in a unique manner. 

Let us consider the relationship (5.5) as a system of equation in the tmknowns h m and T 

. m ~ k  " ~ m  t { k o r176 = U ( F , r ~ - ~ ' n  prnnk, ~ + ~) - -  U ( ~ 1 )  - -  -S nkh {~ ( / ~  + ttmpFnna, ~ 'q-J- ~:) q- (ri~ (Fn~ ~q)]o = O, 

�9 m ~ a . o r  (t, =, T) .~{~ '  (~.~ + h pF~.o,  ~ + T) ~' '~ - h ~ = - o  ( ~ . , ~ ) }  (~c)~ = 0 .  
(5.6) 
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In conformi ty  with the exis tence t h e o r e m  for  impl ic i t  functions, the n e c e s s a r y  condition for  solvabi l i ty  of the 
s y s t e m  (5.6) fo r  h i and T is 

O(O*, 0~, (1) 3, O~ ~, h', h', -c) =/= O, (5.7) 
where  ~0, ~i  a re  sufficiently smooth  functions of the i r  a rgument s .  

Evaluating the de r iva t ives  in (5.7), and utilizing the re la t ionship  

1 ~ 8(~ ! ae--~ + -~ " '  ~ = 0, 

the inequality (5.7) can be wr i t ten  in  the f o r m  

O~U b ~ (OF~,*b) =/=0. Odet[ (pG)z g " -  (pF:na) OF~F~ I (5.8) 

Compar ing  (5.8) and (4.4), we find that  the des i r ed  condition is pG ~ pc, i .e . ,  the shock  veloci ty  should not equal 
the propaga t ion  veloci ty  of the cha r ac t e r i s t i c  su r face .  
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T A K I N G  I N T O  A C C O U N T  T H E  S T R U C T U R A L  I N H O M O G E N E I T Y  

O F  A C O M P O S I T E  M A T E R I A L  IN E S T I M A T I N G  A D H E S I V E  S T R E N G T H  

L .  I .  M a n e v i c h  a n d  A .  V .  P a v l e n k o  UDC 539.3:678.5.06 

One o f  the basic  c h a r a c t e r i s t i c s  of a composi te  m a t e r i a l  is i ts  adhesive s t rength .  The exper imenta l  de-  
t e rmina t ion  of this c h a r a c t e r i s t i c  (in the case  of a f ibe r  composi te)  can be based  on a m e a s u r e m e n t  of the load, 
for  which a f iber  is pulled out of the ma t r ix .  

In o rde r  to c o r r e c t l y  calcula te  the adhesive s t rength  f r o m  the r e su l t s  of such t e s t s ,  it is n e c e s s a r y ,  how- 
ever ,  to  solve a complex mechanical  p rob lem of the distr ibution of contact s t r e s s e s  between the f ibe r  and the 
mat r ix .  The use of r igorous  methods fo r  analyzing composi tes  at the consti tuent  component level does not 
p e r m i t  obtaining at the p r e s e n t  t ime  an exact  analyt ic  solution of the cor responding  p rob l em in  the theory  of 
e las t ic i ty .  F o r  this  reason,  the engineering approach  [1-3], in which it is a s sumed  that  the f ibe r s  function only 
under tension, while the m a t r i x  only functions under  shear ,  is widely used.  Evidently,  with this  method,  it is 
imposs ible  to take into account the poss ib le  s ingular i ty  of the contact  s t r e s s e s  at  locat ions where the f ibe r  and 
the m a t r i x  join on the f ree  boundary.  In addition, in using a s impl i f ied  model ,  there  a r i s e s  the natural  p rob -  
l em of the l imi t s  of applicabil i ty of the cor responding  solut ions even outside the regions of concentra ted  s t r e s s e s .  

A detai led represen ta t ion  of the s t r e s s e d  s ta te  can be obtained by the f in i t e -e lement  method.  However,  in 
o rde r  to apply numer ica l  methods efficiently,  p r e l i m i n a r y  analytic solut ions,  which c o r r e c t l y  re f lec t  the basic  

Dnepropetrovsk. Translated from Zhurnal Prildadnoi Mekhaniki Tekhnicheskoi Fiziki, No. 3, pp. 140- 
145, May-Jtme, 1982. Original article submitted March 20, 1981. 
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